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2where T stands for the transposition in some xed basis
and 1
out
denotes an identity operator on output space.
The operator  can be obtained from a maximally en-
tangled state on H

2








, (d = dimH)
if the mapM is applied to one part of this state,
 =M
I [j ih j] : (2)
Here I stands for the identity transformation.
In continuous variable systems, we deal with innite
dimensional Hilbert spaces and the maximally entangled
state j i becomes a tensor product of N
in
(unphysical)
two-mode innitely squeezed vacuum states, where N
in
is the number of input modes. Gaussian completely pos-
itive maps are dened as maps which transform Gaus-
sian states into Gaussian states. Gaussian CP maps are
thus isomorphic to bipartite Gaussian quantum states
. Now any Gaussian state  is completely character-
ized by the rst and second moments: mean values of
quadratures and a covariance matrix  . Dene vector of










where N is the to-
tal number of input+output modes. The elements of ma-

















i. Nonzero mean values of the quadra-
tures of the Gaussian state  representing a Gaussian
CP map indicate that this map involves certain displace-
ments. However, these operations can be performed lo-
cally and are therefore irrelevant for the entanglement
properties and can be omitted. Thus we can assume that
hr
i
i = 0 and the CP map  is fully described by the co-
variance matrix  . It is convenient to split the matrix  









where A stands for the covariance matrix of the \in-
put" modes, B is the covariance matrix of \output"
modes and C contains the input-output correlations. The


























where R = diag(1; 1; 1; 1; : : :; 1; 1) is a diagonal ma-









). It is convenient to deal with char-






W (~r) exp (i~r  ~q) d~r: (5)
On expressing all Wigner functions in terms of the char-







































; we nd that the the out-











We now prove a very important feature of Gaussian
CP maps. It holds that for every input Gaussian state
and a probabilistic (trace-decreasing) LOCC Gaussian
CP map there exists a deterministic (trace-preserving)
LOCC Gaussian CP map which transforms the input
state into the output state with the covariance matrix
(7). The explicit construction of the trace-preserving
map is inspired by recent works on the possibility of stor-
ing quantum dynamics in quantum states [14, 15]. The
basic strategy is to encode the transformation into a bi-
partite state  which then serves as a quantum channel
in the teleportation. In this way, the desired transforma-
tion is carried out with certain probability depending on
the dimension of the Hilbert space.
The continuous-variable analogue of this scheme goes
as follows. We prepare a Gaussian state  with covari-
ance matrix   given by Eq. (3) and carry out a Bell
measurement on the input state and the input modes
of the state . This measurement is performed sepa-
rately for each corresponding pair of modes and consists
of measuring the dierence of x quadratures and sum of





contain the measurement outcomes for
x and p quadratures, respectively. The (non-normalized)




































Consider input Gaussian state. It turns out that the
covariance matrix of the output state is given by Eq. (7)
















If we know the input state and the transformation, then
we can calculate ~r
cond





and by means of suitable displacement transformation
applied to output state we can always set the coherent
signal in the output state to zero. In this way we obtain
in a deterministic manner an output state which has the
covariance matrix (7). This procedure is essentially the
Braunstein-Kimble scheme for teleportation of continu-
ous variables [5]. We should note here that many Gaus-
sian CP maps, in particular all trace-preserving maps, are
represented by unphysical (innitely squeezed) states .



















FIG. 1: Setup for implementation of deterministic LOCC
Gaussian CP map that is for certain input Gaussian state
equivalent to a given probabilistic LOCC Gaussian CP map.
physical nitely squeezed state with an arbitrarily high
accuracy and thus also approximate the transformation
(7) with arbitrarily high precision.
Let us now turn our attention to the LOCC Gaus-
sian CP maps. Obviously, every LOCC Gaussian map
M
LOCC
is isomorphic to a Gaussian state  which is
separable with respect to Alice and Bob. (Note that ac-
cording to Eq. (2) Alice and Bob can prepare the state
 in their labs via LOCC operations.) A scheme for de-
terministic implementation of any LOCC Gaussian CP
map (for known input Gaussian state) is shown in Fig.
1 for the simplest case when there is a single input and
a single output mode on each side. By means of LOCC
operations, Alice and Bob prepare the four-mode state 
representing the CP map (A1 and B1 are input modes
and A2 and B2 are output modes). Alice mixes her part
of the input state in mode A
in
with A1 on balanced beam









of two balanced homodyne detectors. Bob performs the
same operations with his modes B1 and B
in
. Alice and
Bob exchange the results of their measurements via clas-
sical communication channel and apply appropriate local
displacement transformations to the modes A2 and B2





. Notice that the protocol works only for Gaussian
states. If the input state is not Gaussian, than it may
happen that some trace-decreasing LOCC Gaussian CP
maps will yield outputs that cannot be obtained with any
trace-preserving LOCC Gaussian CP map.
A very important implication concerning distillation
protocols is that we cannot distill more entanglement
from a single copy of two-mode bipartite entangled Gaus-
sian state by means of LOCC Gaussian operations. This
follows from the fact that any probabilistic LOCC Gaus-
sian operation can be replaced by a deterministic one
which yields the same output (for a given input Gaus-
sian state). However, any reasonable measure of en-
tanglement must be non-increasing under deterministic
LOCC operations. Here we note that this impossibility
was noted in a paper by Parker et al. [16], who con-
sidered distillation via continuous-variable entanglement
swapping. While this procedure works for Schrodinger
cat states, it fails for two-mode squeezed vacuum. Parker
et al. also noticed that in the latter case, the probabilis-
tic Gaussian transformation becomes deterministic. Our
arguments show that this is a general feature of Gaussian
states and Gaussian CP maps.
Let us have a more detailed look at the structure of
bipartite LOCC Gaussian CP maps. It was shown by
Werner and Wolf [17] that a bipartite Gaussian state is
separable if and only if it can be transformed via lo-
cal symplectic transformations into state with positive
Glauber-Sudarshan representation, i.e. a state which is
a convex mixture of coherent states and is not squeezed.




















where P (; )  0 is classical Gaussian probability distri-
bution and ji, ji denote (multimode) coherent states of
Alice's and Bob's modes. We have seen that it is impos-
sible to distill a single copy of a Gaussian state by means
of LOCC Gaussian transformations. What if Alice and
Bob posses several copies? Assume that Alice and Bob
apply the LOCC Gaussian map (9) to their states. This
distillation map takes all copies as an input and yields a
single copy of two-mode state shared by Alice and Bob as
the output. The output state is a mixture of states with
identical covariance matrices and varying displacements.








P (; )W (~r   ~r
d
(; )) dd; (10)
where ~r
d
(; ) is the displacement and
~
P (; )  0.
However, all states with Wigner functions W (~r  ~r
d
) ex-
hibit the same entanglement, because entanglement de-
pends only on the covariance matrix and not on the dis-
placement. Hence it is always optimum to choose an
LOCC CP map which is represented by a pure Gaus-
sian state. An analogous situation arises in distillation
of a single pair of entangled qubits where it is optimum
to apply local ltering operation [18] (this is a trace-
decreasing CP map whose Kraus decomposition contains
only one term and the CP map is thus represented by a
pure state).
Since we assume that we know the state that we want
to distill, we can transform any LOCC trace-decreasing
map onto trace-preserving map hence the optimum pro-
tocol will be deterministic. Consider now the simplest
case when Alice and Bob share two pairs of entangled
Gaussian states. The transformation on Alice's side is
represented by a pure three-mode Gaussian state, which
can be obtained from three-mode vacuum via some three-
mode symplectic transformation. This three-mode state
splits into two input modes and one output mode. By
means of \local" symplectic transformations on input and












FIG. 2: Optimal distillation protocol for two copies of two-
mode entangled Gaussian states.
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The reduced density matrix of each input and output
mode is density matrix of thermal state and there are
no correlations between the two input modes. Since the
whole three-mode state is pure, the density matrix of the
two input states has the same eigenvalues as the reduced
density matrix of the output state. This is possible only
if one of the input modes is in pure vacuum state. This






= 0. One of the
input modes is eectively decoupled and we end up with
pure two-mode squeezed vacuum state. We thus have
a very appealing and intuitive picture: any pure three-
mode state can be prepared if we start from (suitably
chosen) two-mode squeezed vacuum state and a vacuum
state and apply single-mode symplectic transformation
to the output mode and two-mode symplectic transfor-
mation S
i
to two input modes. We may thus write the














is an operator on Hilbert space of two modes
(one input and one output). To see what are the impli-
cations, we insert this expression into formula (1) and for







































From this formula we can see that the transformation




to the input two-mode state. (ii)
project the second mode onto vacuum state. (iii) Apply
a CP map 
A0
to the rst mode. The transformation
on Bob's side has the same structure. This protocol can
be further simplied. After Alice and Bob project one
of modes onto vacuum state, they possess only a single





cannot increase entanglement, because we have shown
that it is impossible to distill a single copy of two-mode
entangled Gaussian state by means of LOCC Gaussian





) and the resulting optimumsimplied dis-
tillation scheme is shown in Fig. 2. Alice and Bob share
two pairs of Gaussian states. Alice's and Bob's modes are
labeled as A1, A2 and B1, B2, respectively. Both Alice





to their modes. Subsequently they
both feed the modes A2 and B2 to eight-port homodyne
detectors (EHD) thereby projecting them into coherent
states ji and ji. Finally, they exchange the results of
their measurements and displace appropriately the out-
put states. This scheme is deterministic and represents
the optimum Gaussian distillation protocol for Gaussian
states. Eisert et al. proved that it is impossible to dis-
till entanglement from two identical copies of two-mode
Gaussian state with symmetrical covariance matrix via
this protocol [12]. All these results strongly support the
conjecture that it is impossible to distill entangled Gaus-
sian states with Gaussian operations.
Note added: After this work was completed, I learned
that Giedke and Cirac [19] have also investigated the
properties of trace-decreasing Gaussian CP maps and
they independently obtained similar results. Moreover,
they proved that the distillation of Gaussian states with
Gaussian operations is impossible for an arbitrary num-
ber of modes per site.
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